Abstract. Kronheimer and Mrowka constructed a variant of Seiberg-Witten invariants for a 4-manifold X with contact boundary in [6] . Using Furuta's finite dimensional approximation, we refine this invariant in the case H 1 (X, ∂X; R) = 0.
Introduction
In [6] , Kronheimer and Mrowka constructed a variant of the Seiberg-Witten invariant for a compact, connected oriented 4-manifold X on whose boundary a contact structure ξ is given. Their construction is based on the analysis of the Seiberg-Witten equation on a manifold X + obtained from X by attaching conelike ends with almost Kähler structure. In this paper, we construct a refinement of this invariant by using Furuta's finite dimensional approximation on X + in the case H 1 (X, ∂X; R) = 0.
The almost Kähler structure determines a canonical Spin c sturecture on X + \ X. Following [6] , we denote the set of isomorphism classes of extensions of this canonical Spin c sturecture to X + by Spin c (X, ξ).
Theorem 1.1. Let X be a smooth, compact, connected oriented 4-manifold equipped with a contact structure ξ on its boundary. Suppose in addition H 1 (X, ∂X; R) = 0. Then, for each s ∈ Spin c (X, ξ), we can construct a Bauer-Furuta-type stable cohomotopy Seiberg-Witten invariant Ψ(X, ξ, s) ∈ π st d(s) (S 0 ) (up to sign) via finite dimensional approximation on X + , where d(s) is the virtual dimension of the moduli space of solutions to the Seiberg-Witten equation in [6] , and π st d (S 0 ) means the d-th stable homotopy group of spheres. This invariant depends only on (X, ξ, s).
Since 1 is the only constant gauge transformation, this stable homotopy map is not S 1 euqivariant unlike the usual stable cohomotopy Seiberg-Witten invariant for closed 4-manifolds. In the situation where Ψ(X, ξ, s) can be defined, we can recover Kronheimer-Mrowka's invariant m(X, ξ, s) as its mapping degree (Theorem 4.1).
Kronheimer and Mrowka proved a non-vanishing theorem for weak symplectic fillings [6] Theorem 1.1. Combining this with the fact that Ψ(X, ξ, s) recovers Kronheimer-Mrowka's invariant, we obtain a similar non-vanishing theorem: Theorem 1.2. Let (X, ω) be a weak symplectic filling of (∂X, ξ) with H 1 (X, ∂X; R) = 0 (This includes all Stein fillings (X, ω) of (∂X, ξ) as special cases). Then, Ψ(X, ξ, s ω ) ∈ π st 0 (S 0 ) ∼ = Z is a generator for s ω ∈ Spin c (X, ξ) which is canonically determined by ω.
Bauer gave a connected sum formula which describes the behavior of stable cohomotopy invariants under connected sum operations of closed 4-manifolds ( [1] ). In this paper, we examine the behavior of stable cohomotopy invariants for a connected sum of a closed 4-manifold and a 4-manifold with contact boundary. For a closed oriented connected 4-manifold X with b 1 (X) = 0 equipped with a Spin for its usual stable cohomotopy Seiberg-Witten invariant, where
is the virtual dimension of the usual Seiberg-Witten moduli space for closed 4-manifold. (Although this stable homotopy map is in fact an S 1 equivariant map, we forget the S 1 action here.) We prove the following connected sum formula in a similar way to [1] Theorem 1.1. Theorem 1.3. Let (X 1 , s 1 ) be a closed oriented connected 4-manifold with b 1 (X 1 ) = 0 equipped a Spin c structure. Let (X 2 , ξ, s 2 ) be a compact oriented connected 4-manifold with H 1 (X 2 , ∂X 2 ; R) = 0 equipped with a contact structure on its boundary and s 2 ∈ Spin c (X, ξ). Then, we have Ψ(X 1 #X 2 , ξ, s 1 #s 2 ) =Ψ(X 1 , s 1 ) ∧ Ψ(X 2 , ξ, s 2 ) ∈ π st d(s1)+d(s2)+1 .
With this connected sum formula, we can get the simplest example whose KronheimerMrowka's invariant is zero but the Bauer-Furuta-type stable cohomotopy invariant is non-zero, that is, the connected sum of the K3 surface and D 4 (Stein filling of S 3 ) equipped with the Spin c sturucture obtained as the connected sum of their Spin c structures determined by their complex structures. More generally, we have the following result. Theorem 1.4. Suppose closed oriented connected 4-manifolds (X i , s i ) (i = 1, 2) both have the following properties.
(1) X i has an alomost complex structure and s i is the Spin c structure determined by it.
Let (X 3 , ω) be a weak symplectic filling of (∂X 3 , ξ) with H 1 (X 3 , ∂X 3 ; R) = 0 and
are nonzero.
Example 1.5. Elliptic surfaces E(2n) (n = 1, 2, . . . ) equipped with the Spin c structure determined by their Kähler sturutures are examples of (X 1 , s 1 ), (X 2 , s 2 ). All Stein fillings are examples of (X 3 , ξ, s 3 ).
In the situation of the above theorem, the virtual dimensions of KronheimerMrowka's Seiberg-Witten moduli spaces are 1, 2 respectively. Since KronheimerMrowka's invariant is defined to be zero when the virtual dimension is nonzero, Kronheimer-Mrowka's invariants for (X 1 #X 3 , ξ, s 1 #s 3 ), (X 1 #X 2 #X 3 , ξ, s 1 #s 2 #s 3 ) are zero. In fact, we can furthermore show that for any element of Spin c (X 1 #X 3 , ξ) and Spin c (X 1 #X 2 #X 3 , ξ), Kronheimer-Mrowka's invariant is zero (Proposition 4.12).
One consequence of the connected sum formula above is that our invariant Ψ(X, ξ, s) is invariant under the connected sum of rational homology spheres (Theorem 4.7).
As an application of the connected sum formula, we can show the following results on the existence of a connected sum decomposition X = X 1 #X 2 for a 4-manifold with contact boundary X. This result can be seen as a contact-boundary version of [1] Corollary 1.2, Corollary1.3 for closed manifolds. Theorem 1.6. Let (X, ξ) be a compact oriented connected 4-manifold with contact boundary satisfying H 1 (X, ∂X; R) = 0. Suppose there exists s ∈ Spin c (X, ξ) such that Ψ(X, ξ, s) = 0. Then, if X can be decomposed as a connected sum X 1 #X 2 for a closed 4-manifold X 1 and a 4-manifold with contact boundary X 2 , the following holds.
and there exist a Spin c structure s 1 on X 1 and 
The most important and new difficulty in constructing our invariant Ψ(X, ξ, s) is "to realize the Fredholmness and a global slice at the same time" in the following sense. In Furuta's finite dimensional approximation, the existence of global slice is crucial. Following Furuta, we would like to express the Seiberg-Witten map with a global slice as a sum of a linear Fredholm operator L and a compact quadratic operator C. Though Kronheimer-Mrowka proved the Fredholmness of the linearized Seiberg-Witten map with a local slice, this slice doesn't seem to be a global slice. In order to overcome this difficulty, we give a global slice (Theorem 3.5) and prove that the linearized Seiberg-Witten map with this global slice is Fredholm (Corollary 3.7). We use this operator as L, which is not
The construction of this paper is as follows. In section 2, we describe the geometric and analytical settings to construct our invariant Ψ(X, ξ, s). In section 3, we establish the global slice and prove the Fredholmness of the linearized SeibergWitten map with this global slice. Then we carry out the finite dimensional approximation following [3] [2] . In section 4 we examine properties of Ψ(X, ξ, s) such as the recovery of Kronheimer-Mrowka's invariant and the connected sum formula.
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Settings
Throughout this paper, we suppose that all manifolds and bundles are smooth.
2.1. Geometric settings. We describe the settings where we construct our invariant. These are the same as those in [6] 2.(iii) except the condition H 1 (X, ∂X; R) = 0. Let X be a compact, connected oriented 4-manifold with nonempty boundary. Suppose in addition that H 1 (X, ∂X; R) = 0. Note that this condition implies ∂X is connected. Let ξ be a contact structure on ∂X, compatible with the boundary orientation. Pick a contact 1-form θ which is positive on the positively-oriented normal field to ξ and an automorphism J of ξ such that J 2 = −1 and for any nonzero vector e in ξ, (e, Je) is a positive basis for ξ.
Then, there exists a unique metric g 1 satisfying the following conditions( [6] ):
(1) θ has unit length. (2) dθ = 2 * θ (3) J is isometry with respect to the restriction of g 1 to ξ.
We give R ≥1 × ∂X an almost Kähler structure whose Riemannian metric and symplectic form are given by
respectively, where t is the coordinate for R ≥1 . We call R ≥1 × ∂X equipped with this almost Kähler structure the almost Kähler cone, following [9] . This almost Kähler structure determines a Spin c structure s 0 and a configuration (A 0 , Φ 0 ) on
Consider the noncompact manifold X + obtained from X by attaching the almost Kähler cone R ≥1 × ∂X to X, identifying the boundary of X with 1 × ∂X. Fix a smooth extension of g 0 to all of X + . Fix a Spin c structures s on X + equipped with an isomorphism s → s 0 on X + \ X and a smooth extension of the pair (A 0 , Φ 0 ) to X + which belongs to s. We use the same notation (A 0 , Φ 0 ) for these extensions.
2.2.
Weighted Sobolev spaces on manifolds with cone-like ends. Though weighted Sobolev spaces were not used in [7] , we need them in order to do the finite dimensional approximation. Weighted Sobolev spaces work effectively to show the compactness of the quadratic part of the Seiberg-Witten equation(See section 3).
Fix a smooth map σ : X + → R ≥0 such that the restriction σ| R ≥1 ×∂X agrees with the R ≥1 coordinate and σ(X) ⊂ [0, 1]. Let E be a smooth vector bundle equipped with a fiberwise norm on X + . Let C ∞ 0 (E) denote the set of all smooth sections with compact support. For k ∈ Z ≥0 , δ ∈ R, define a norm on
We summarize properties of these Sobolev norms used in this paper, which can be shown by standard arguments.
Lemma 2.1. Let E, F be two normed vector bundles on X + .
(
Remark 2.2. The first item can be shown as follows. Regard X + as the union
. Note that the metric on W n is 4 n−1 times the metric on W 1 , So, taking into account the change of Sobolev norms when expanding metrics, a similar argument to the one in the proof of [7] Theorem 13.2.2 shows the desired estimate. For the second item, the proof is the same as [8] .
2.3. Analytic settings. Suppose l ∈ Z ≥4 and δ ≥ 0. Define
as usual. For (A, Φ) ∈ C l,δ , consider the Seiberg-Witten equation on X + as in [6] :
is the isomorphism given by the Clifford multiplication. We denote the map defined by the left hand side of the first equation by
Construction
In this section, we do the finite dimensional approximation of the Seiberg-Witten equation with a slice, and condtruct our Bauer-Furuta-type stable cohomotopy invariant. The construction is similar to that of [3] [2] ; that is, we decompose Seiberg-Witten map with a global slice into the sum L + C : V → W , where L is a linear Fredholm map and C is a quadratic compact map and make the finite dimensional approximation of it, but we have to modify the following three points.
(1) Since X + is noncompact, we can't apply Rellich's theorem. In order to ensure the compactness of the quadratic term C, we introduce weighted Sobolev spaces.
(2) As we will show in Proposition 3.1, we can directly deduce the Fredholmness
is the L 2 δ formal adjoint of infinitesimal gauge action at (A 0 , Φ 0 )). Our construction is based on this result. This is the reason why we don't use the operator d
, which is used in the case of closed manifolds [3] [2] as the linear part, since the author doesn't know whether it is Fredholm or not in our setting. 
3.1. Fredholmness of the linearized Seiberg-Witten map with a local slice. In this subsection, we see an immediate consequence of the Fredholm theory of [6] , on which our argument is based. Suppose δ ≥ 0. Denote the infinitesimal gauge action at (A 0 , Φ 0 ) by
Proposition 3.1. For k ∈ Z ≥1 and sufficiently small δ > 0, L ′ is Fradholm and its index is given by
in terms of the relative Euler class of S + with respect to the section Φ 0 .
Proof. In the case δ = 0, the result is proved in [6] 
is effectively the same as taking the quotient by the gauge group. Later, this result is used to identify the inverse image of a certain point under L + C with the moduli space and deduce the compactness of the former from Kronheimer-Mrowka's compactness result for the latter.
We begin with a basic L 2 δ orthogonal decomposition lemma that we use to prove the global slice theorem.
Furthermore, each summand is a closed subspace.
Proof. We write E = Λ 0 ⊕ Λ + , F = Λ 1 . We write
These operators are the formal L 
are closed subspaces respectively.
Proof of Claim. In the previous section, we showed 
By the elliptic regularity, we have
This decomposition and the elliptic regularity show the desired decomposition. Proof of Lemma. It is clear that
From the previous claim, we can easily show
. Thus, combined with the previous claim, we have
The following is the global slice theorem that we need in the finite dimensional approximation. We use the condition H 1 (X, ∂X; R) = 0 here.
Proposition 3.5. (The global slice theorem) For any sufficiently small positiveδ, the map
is a diffeomorphism.
Proof. It is enough to show the map
We will show that ϕ is bijective and its derivative at any point is an isomorphism, then the conclusion holds by the inverse function theorem. The surjectivity of ϕ follows from the decomposition of Lemma 3.2. We will prove the injectivity of ϕ.
Claim 3.6. For any sufficiently small positive δ, we have
Proof of Claim. By [5] Theorem 1A, and the assumption H 1 (X, ∂X; R) = 0, the claim follows in the case δ = 0. For small positive δ, the claim follows since the dimension of the kernel of d + d * L 2 δ is upper half continuous as we vary δ. In order to prove the injectivity of ϕ, it is enough to show a = 0 and u = 1 provided that ϕ(a, u) = a − u −1 du = 0. By assumption, da = d * L 2 δ a = 0, thus, a = 0 by the above claim. This also means that u −1 du = 0, and since 1−u ∈ L 2 l+1,δ , u must be identically 1 on X + . The fact that D (a,u) ϕ is isomorphic for any (a, u) ∈ i ker d * L 2 δ ×G l+1,δ also follows from the decomposition of Lemma 3.2.
As a corollary of the global slice theorem above, we can show the following Fredholmness result which we need in the finite dimensional approximation. We
Corollary 3.7. For any sufficiently small positive δ, L is Fredholm and its index is the same as that of L ′ .
δ and δ * L 2 δ (A0,Φ0) respectively. The above theorem implies that
We denote by
) is a continuous linear isomorphim, its inverse is continuous by the open mapping theorem. Thus,
, for example. This shows that K is compact. Now, we can see that the following diagram commutes:
This means that L is also Fredholm and has the same index as L ′ .
3.3. Finite dimensional approximation. Now, we will carry out the finite dimensional approximation and construct our stable cohomotopy invariant. We will follow the construction of [3] [2]. Now we will see that the Seiberg-Witten map with global slice can be written as the sum of the linear Fredholm map L and a compact quadratic map C. Define
Thus, if we write w
as subsets in C l,δ . The first step of the finite dimensional approximation is the compactness of the moduli space. The following compactness result is proved in [6] 3(iii)(See also [9] Proposition 2.2.6).
Proposition 3.8. ([6]
). There exists δ 0 > 0 such that for any 0 < δ < δ 0 the following holds. For any sequence of solutions (A (i , Φ (i) ) ⊂ C l,δ , there is a sequence of gauge transformations u (i) ⊂ G l+1,δ such that after passing to a subsequence, the transformed solutions converge in C l,δ : that is, the moduli space
Proposition 3.9. For sufficiently small δ > 0, There exists R > 0 such that
Proof. By the global slice theorem 3.5, (L + C) −1 (w 0 ) is homeomorphic to the moduli space M l,δ , so the conclusion follows from the proposition above.
Before turning to the next step of the finite dimensional approximation, we will prepare the following lemma which is used as a counterpart of the elliptic estimate. Lemma 3.10. Let (V, · V ), (W, · W ) be Banach spaces and L : V → W be a continuous linear Fredholm operator. Let n be a norm on V which is weaker than · V . Then, there exists a positive constant C such that for any v ∈ V ,
holds.
Proof. By the open mapping theorem, it is enough to prove the following claim:
Claim 3.11. Let (X, · X ), (Y, · Y ) be norm spaces and suppose Y is finite dimensional. Consider two norms on V = X ⊕ Y : one is the norm as direct sum x X + y Y , and the other is a norm n such that there exists a positive constant C 0 such that for any (x, y) ∈ V , n(x, y) ≤ C 0 ( X X + y Y ). Then, there exists a positive constant C such that for any (x, y) ∈ V ,
Proof of Claim. Since Y is finite dimensional, there exists a positive constant c such that for any y ∈ Y ,
holds. Thus, we have
and this means that the claim holds for C = max{1 + cC 0 , c}
The following is the second step of the finite dimensional approximation.
Proposition 3.12. For R > 0 in Proposition 3.9, there exists sufficiently small
is the sphere of radious R centerd in 0 in V and B W (w 0 , ǫ) is the closed ball of radious ǫ centered in w 0 in W .
Proof. We suppose the contrary. Then we can pick a sequence (
Since L is Fredholm, the above lemma implies that there exists a positive constant C such that for any n, we have
By Lemma 2.1, the right-hand side converges to zero after passing to a subsequence. Thus, v n is Cauchy and convergent to some v ∞ in V in this subsequence. Then, v ∞ ∈ S V (0, R) and (L + C)(v ∞ ) = w 0 . This contradicts to the condition on R.
Now we fix a pair of sequences of finite dimensional subspaces
(where (ImL) ⊥ is the orthogonal complement of ImL with respect to the inner product of W ) satisfying the following two conditions
(2) lim n→∞ P n w = w for any w ∈ W , where P n : W → W n is the orthogonal projection with respect to the inner product of W .
Proposition 3.13. For R, ǫ in Proposition 3.9, Proposition 3.12, there exists a N ∈ Z ≥0 such that for any n ∈ Z ≥N , v ∈ S V (0, R), we have
Proof. We can ignore the term w 0 in the statement due to the condition (2). We suppose the contrary. Then we can pick a sequence (v n ) ⊂ S V (0, R) such that for any n ∈ Z ≥0 , (1 − P n )C(v n ) W ≥ ǫ holds. Since (v n ) is bounded, v n converges weakly to some v ∞ in V after passing to a subsequence. Then, C(v n ) converges strongly to C(v ∞ ) in W . By the condition (2) for {V n }, {W n }, (1 − P n )C(v ∞ ) → 0 as n → ∞. Thus, there exists N 0 ∈ Z ≥0 such that for any n ∈ Z ≥N0 ,
This contradicts to the hypothesis.
The following proposition gives our Bauer-Furuta-type stable cohomotopy invariant:
Proposition 3.14. For N in Proposition 3.13, the following holds. For any n ∈ Z ≥N , v ∈ S V (0, R) we have (L + P n C)(v) = P n w 0 and thus the map L + P n C :
, and the isotopy class of ξ. Here, d(s) = Index L is the same as the virtual dimension of the moduli space for Kronheimer-Mrowka's invariant m(X, ξ, s).
Thus, (L + P n C)(v) = P n w 0 . The proof of the independence is standard.
Remark 3.15. Unlike the usual stable cohomotopy invariant for closed 4-manifolds, this stable map is not S 1 equivariant because 1 is the only constant gauge transformation in the present setting. Proof. Take n as in Proposition 3.14. We compare three equations.
( (1), (L+C) −1 (η 0 ) is cobordant to the moduli space for Kronheimer-Mrowka's invariant m(X, ξ, s) because of the global slice theorem 3.5. Thus it is enough to prove the following claims. (1) For η 1 ∈ W n , the inverse images of (2) and (3) are the same. (2) The regular value η 1 ∈ W n of (3) is also a regular value for (2). (3) Take a perturbation η 0 of (1) by standard argument and take a regular value of (3) by (finite dimensional) Sard's theorem. Consider one parameter family of equations L + C t = L + (1 − t)C + tP n C (t ∈ [0, 1]) which linearly joining (1) to (2). Then, there exists a path η • : [0, 1] → W from η 0 to η 1 such that
Proof of Claim. Suppose η 1 ∈ W n and (L + C)(v) = η 1 for some v ∈ V . Then,
and thus v ∈ V n . This proves the first claim. The second claim can be easily checked. The third claim follows from the standard argument.
From the non-vanishing theorem of Kronheimer-Mrowka's invariant for weak symplectic filling [6] Theorem1.1, the following statement follows. Corollary 4.3. Let (X, ω) be a weak symplectic filling of (∂X, ξ) with H 1 (X, ∂X; R) = 0 (which includes all Stein fillings). Then for s ω ∈ Spin c (X, ξ) canonically determined by symplectic structure ω, Ψ(X, ξ, s ω ) is a generator of π st 0 (S 0 ) ∼ = Z.
4.2.
Connected sum formula. For a closed 4-manifold X with b 1 (X) = 0 equipped with a Spin c structure s, we denote its Bauer-Furuta stable cohomotopy invariant byΨ
forgetting the S 1 action, where
We shall prove the following connected sum formula.
Theorem 4.4. Let (X 1 , s 1 ) be a closed oriented connected 4-manifold with b 1 (X 1 ) = 0 equipped with a Spin c structure and let (X 2 , ξ, s 2 ) be a compact oriented connected 4-manifold with contact boundary equipped with s 2 ∈ Spin c (X 1 , ξ). Then, we have
Proof. This follows from a more general result Theorem 4.5, which we will prove later.
4.3.
Proof of the connected sum formula. The proof of connected sum formula is given by a little modification of Bauer's argument [1] .
4.3.1. Geometric settings. Let n be a natural number (the result will be trivial unless n ≥ 3) and τ : {1, . . . , n} → {1, . . . , n} be an even permutation. Let X 1,− and X i,± (i = 2, . . . , n) be a compact oriented connected 4-manifold with b 1 = 0 equipped with Spin c structures each of which has S 3 as the only component of the boundary. Let X 1,+ be a noncompact manifold whose boundary is S 3 obtained from a compact oriented connected 4-manifold with contact boundary whose real coefficient 1st cohomology relative to its boundary is zero, by attaching the almost Kähler cone and removing a small 4-ball. For L ≥ 0, consider
with the product metric of the round metric of S 3 and the standard metric on
We denote their disjoint union by
and 
) similarly. As in the previous section, we denote the Seiberg-Witten map with the global slice by
For each L ≥ 0, the finite dimensional approximation of µ gives
when we take the quotient of W (X(L)) by the space of constant 0-forms. The case for µ τ is similar.
4.4.1. Generalized statement and its proof. As in [1] , by fixing a function ψ :
which gives a cut off function on the necks and a path γ in SO(n) from the 1 SO(n) and τ , an identifications
are determined. The following is the generalized statement of the connected sum formula.
Theorem 4.5. In the above setting, we have
under the identification above.
Proof. As in [1] we deform µ into µ τ via three types of homotopies. We denote this homotopy by µ t . What we have to show is the following: Claim 4.6. For δ > 0 small enough and for some L > 0, there exists a constant R > 0 such that for any t and for any solution (A, Φ) for µ t with d * L 2
Proof of Claim. It is enough to consider X 1 (L) only, since the argument for other component is the same as [1] . Since the equation doesn't change on X 1,± , by the argument in [6] 3.(iii), we can pick a configuration (
l,δ bounded. What we have to prove here is that even in the gauge d * L 2 δ (A − A 0 ) = 0, the same kind of uniform bound holds. We write (a, φ) 
is closed. Since its kernel is clearly zero, the open mapping theorem means that
We have already known that a ′ and a are L 2 l,δ bounded, so a ′ = a + dξ and the above estimate means that ξ is L Let ξ std be the standard contact structure on S 3 . Then, for the unique element s ∈ Spin c (X, ξ std ), we have
4 is a homotopy S 4 . So, Theorem 4.1 and the above theorem implies the conclusion.
Remark 4.9. It is well-known that the smooth 4-dimensional Poincaré conjecture is equivalent to the statement that any contractible compact oriented 4-manifold whose boundary is S 3 has a structure of a Stein filling of (S 3 , ξ std ). The result above means that it is impossible to disprove this conjecture by denying the existence of Stein structures on such manifolds via Kronheimer-Mrowka's invariant. (1) X i has an almost complex structure and s i is the Spin c structure determined by it.
is an odd integer. Let (X 3 , ω) be a weak symplectic filling of (∂X 3 , ξ) with H 1 (X 3 , ∂X 3 ; R) = 0 and take s 3 = s ω ∈ Spin c (X 3 , ξ). Then,
are nontrivial.
is nontrivial for i = 1, 2. By Corollary 4.3,
is a generator. Thus, the connected sum formula implies the conclusion.
Example 4.11. Elliptic surfaces E(2n) (n = 1, 2, . . . ) equipped with the Spin c structure determined by Kähler structures are examples of (X i , s i ) (i = 1, 2). Any Stein fillings are examples of (X 3 , ξ, s 3 ).
On the other hand, for manifolds X 1 #X 3 , X 1 #X 2 #X 3 in the above theorem, we can show that their Kronheimer-Mrowka's invariants are zero for all Spin c structures on them: Proposition 4.12. Let X 1 be a closed oriented connected 4-manifold with b 1 (X 1 ) = 0 and b + (X 1 ) ≥ 1. Let (X 2 , ξ) be a compact oriented connected 4-manifold with contact boundary. Then, for any s ∈ Spin c (X 1 #X 2 , ξ), m(X 1 #X 2 , ξ, s) is zero. In particular, X 1 #X 2 never has a structure of a weak symplectic filling. Theorem 4.13. Let (X, ξ) be a compact oriented connected 4-manifold with contact boundary satisfying H 1 (X, ∂X; R) = 0. Suppose there exists s ∈ Spin c (X, ξ) such that Ψ(X, ξ, s) = 0. Then, if X can be decomposed as a connected sum X 1 #X 2 for a closed 4-manifold X 1 and a 4-manifold with contact boundary X 2 , the following holds.
(1) Suppose d(s) = 0. Then X 1 is negative definite. In the both cases (2)(3), there exist a Spin c structure s 1 on X 1 and s 2 ∈ Spin c (X 2 , ξ) such that s = s 1 #s 2 . The connected sum formula implies Ψ(X, ξ, s) =Ψ(X 1 , s 1 ) ∧ Ψ(X 2 , ξ, s 2 ) ∈ π + (X 1 ) is even since d(s 1 ) ≡ 1+b + (X 1 ) (mod2). The fact that m(X 2 , ξ, s 2 ) is odd follows from the same reason as in the latter case of (2). This proves (3) .
